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Signed Graphs with Least Eigenvalue <-2 
N. M. SINGHI AND G. R. VNAYAKUMAR 
A signed graph (abbreviated as sigruph) is a simple graph where each edge is termed 
as ‘positive’ or ‘negative’. The adjacency matrix of a sigraph is defined analogously as 
for graphs, except that the negative edges are represented by -1 in this matrix. The 
graph-theoretic terms ‘induced subgraph’, ‘eigenvalue’ etc. are also defined analogo- 
usly for sigraphs. In this note, we give a simple proof of the following result, for which 
a complicated longer proof was obtained in [4] and, for the particular case of graphs, 
computer-oriented proofs were found in [l] and [2]. 
THEOREM. Any sigraph with least eigenvalue C-2 contains an induced subgraph the 
least eigenvalue of which equals -2. 
PROOF’. Let S be a sigraph with least eigenvalue n(s) < -2; it is enough to show the 
existence of a proper induced subgraph with least eigenvalue c-2. 
Let M = [mij] be the matrix obtained by adding twice the identity matrix to the 
adjacency matrix of S. Then h(M) < 0. Therefore there are vectors f E R” , where n is 
the order of S such that XMZ’ < 0. (For a matrix A we denote its transpose by A’.) 
Obviously then, there exist non-zero vectors 2 E R” with integral co-ordinates such that 
iMj’ s 0; among the latter ones, choose a vector cf = (a,, . . . , a,) such that C laiJ is 
as small as possible; we can assume that 
ai f 0 for i= I,. . . , n (1) 
for otherwise there is some proper principal submatrix with least eigenvalue ~0, 
implying the existence of a proper induced subgraph with the required property. Since 
S should have at least 3 vertices, by (1) 
C Iail >2. (2) 
Now let us show the following: 
/ail GMti’ - 2 2 mijaiaj 2 0 fori=l,...,n (3) 
Let iii be the vector, with its ith co-ordinate being -Ui/lail and others being zero. Since 
8 + iii is non-zero by (l), by the choice of E, we have 
(a + iQM(cl + iii)’ > 0. 
Since, for any vector X with integral co-ordinates, XMZ’ is an even integer, it follows 
that 
Simplifying, we obtain 
(a + &)M@ + ii;) 3 2. 
dM6’-2aixmijaj>0. 
bil j 
Therefore (3) follows; now summing up the relations given by (3) we obtain 
(c (4 -2)CMZbO. 
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Therefore, by (2), &UC? 2 0. Hence tiMi = 0. This, combined with (3), gives 
Cm,aiUjsO fori=l,...,n and CCmiiaiaj=O. 
i f i 
i.e. 
C mij@j = 0, for i = 1, . . ( n, 
and thus ML?’ = b’; in other words, 0 is an eigenvalue of M. Therefore it follows that 
-2 is an eigenvalue of S. Now for any induced subgraph T of order n - 1, by the 
interlacing theorem (cf. [3, p. 1191) A(T) s -2. This completes the proof. cl 
Let M be the matrix as defined in the above proof. By the theorem, there is a 
principal submatrix N of M such that k(N) = 0; the columns of N form a set of linearly 
dependent vectors over the field of rational numbers, and therefore there is a non-zero 
vector X with integral co-ordinates such that M = 0’. (Although the existence of such 
a vector is apparently suggested by the above proof, it does not follow from that.) 
Hence there is one non-zero integral vector C with at least one co-ordinate being zero 
such that cSZ~~’ = 0. Thus, noting that A(M) < 0~ the quadratic form Q(i) = ZiE’ is 
not positive semi-definite, we obtain the following: 
THEOREM. If a quadratic form (2: R” I+ R! given by 
ti not positive semi-definite, then there exists a non-zero integral vector ii E R” with at 
least one co-ordinate being zero, such that Q(C) = 0. 
Note that the first theorem also follows from the latter result since the equivalent 
form of the former one, mentioned in the first paragraph of the above proof, can be 
derived easily from the second one. 
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